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PERSECUTOR — PREY SYSTEM RESOLUTION FOR THE PERSECUTOR
R*-DEFINED EXPONENTIAL PROBABILITY OF STRIKING THE PREY WITH
ADDED [0; 1]x[0; 1]-SQUARE KNOWN WHITE NOISE

There has been considered the persecutor — prey antagonistic system with the non-ideal exponential kernel on
the [O; l]x[O; 1] -square. The updated program module PPSY2, working with the accuracy parameter o. and taking

into account the kernel roughness, has been elaborated. Besides, there has been formed the MATLAB 7.0.1 application
eppsr2 for the visualized praxis in working with the investigated simplest antagonistic game persecution model. All
the being returned solutions of the antagonistic games, if only they are not exact analytically, may be re-obtained once
again in any high precision, that needed.

Paccmompeno  anmaconucmuueckylo  cucmemy — npeciedogamens ——  000blua € HEUOEANbHBIM

IKCNOHEHYUATLHBIM SIOPOM HA [0; 1]><[O; 1] -xeaopame. Paspaboman 06HOG1eHHbI NPOSPAMMHBIL MOOYTb PPSK2,

pabomarowuii ¢ napamempom MemKOCmu O U y4umuléaiowull uiepoxogamocms siopa. Kpome moeo, 6 MATLAB 7.0.1
coenano Gopmy npunodcenus €PPSr2 01 GU3YATUUPOBAHHBIX YAPAJICHEHU Npu pabome ¢ UCCIEO08AHHOU
npocmeuuell.  MoOeavblo Npeciedosanus 6 6ude ammaloHucmuueckou uepvl. Bce 6038pawaemvie peutenus
AHMALOHUCMUYECKUX USD, eClU MOLbKO OHU He SGISIOMCSL AHATUMUYECKU MOYHBIMU, MO2YM OblMb NOIYYEeHbl KAACObLU
Pa3 CHOBA ¢ KAK Y20OHO 8bICOKOU MOYHOCMBIO.

A problem disposition and the referred origins

Conflict events and processes are modeled with various branches of the game theory. In the persecution
models there take their solid place the differential games. But the solution process of the differential games is generally
harder, than solving the antagonistic game. Hence, the persecution models reduction to the antagonistic game is pretty
preferable to building the differential game model and searching its solution. Then may it be considered the following
problem. There is the first player, shooting the goal, maneuvering with some overload y . For striking the goal there is
applied the special gadget with its overload x, that is founded on a hypothesis about the goal move. Normalizing those
overloads, may they be x €[0;1] and y €[0;1]. The task of the first player, for further being called the persecutor, is to

strike the opponent, for further being called the prey. And the task of the prey is to stay unstruck. This is the known
persecution problem, modeled as the antagonistic game, in which the kernel is the probability

P(x, y):exp[—(x(x—y)q (1

of striking the prey, defined on the unit square D, =[0;1]x[0;1] by some parameter o.>0 [1, p. 62 — 63]. Though

there are some definite solutions [1, p. 63 — 66] for this game, given for fixed values of the parameter o , the problem
point until the paper [2] promulgation had laid in resolving that conflict system for any a > 0. The needful resolution
had been found and formed within the MATLAB 7.0.1. However, it would be ideal to have certainly the surface (1) as the
kernel of the corresponding antagonistic game. Truly the kernel only reminds the surface (1), and the real kernel is the

surface (1) with the [O; 1]x[0; 1] -square uniformly distributed rough edges, which may be called the white noise
n(x, y) . So,

P(x, y):exp[—ot(x—y)z}+n(x, y) 2)

is the kernel of the persecution antagonistic game by taking into account the noised exponential probability (1). The
four examples of the surface (2), plotted by the different o at the fixed noise level, are given on the figures 1 — 4.

The paper aim
Due to the said, there are the known parameter o and the surface (2), describing the nearly exponential
probability of striking the prey. This simplest persecution model may reflect some important features of the conflict
pair, which are very hard to be detected by the appropriate differential game model. Therefore, the disposed problem
paper aim is to solve the antagonistic game with the kernel (2) in the analytic way for as wide as possible the parameter
o range, and the rest of this range must be solved numerically. The antagonistic game resolution should be formed
within a program module for the fast visualized representation of the optimal behavior of the persecutor and prey.
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The exponential probability kernel

Now turn backward the paper [2] and resume the obtained there results. Setting n(x, y) =0, start recalling,

that it had been reasonable to check if the stated game with the kernel (1) is either convex or concave. That will help to
solve it with the known algorithm for convex-concave antagonistic games [3 — 5]. The first derivative of the function
(1) by the variable x is

W :a—gx(exp[—a(x—y)q) = —20L(x—y)exp[—ot(x—y)2} 3)

and its second derivative is

2
% = a%(—2a(x—y)exp[—a(x—y)1) = —20Lexp[—ot(x—y)2J +4a’ ()c—y)2 exp[—a(x— y)2:| =
- 2a(20c(x—y)2 —l)exp[—a(x—y)z] . o
2
The concavity condition W <0 mustbe true V x€[0;1] and V y €[0; 1]. As there is the triple inequality
X

0<exp(—a)<exp[—a(x—y)z}gl, (5)
then the inequality
2020 (x= )’ ~1)exp| —a(x- ) |<0 6)
is identical to the inequality
2a(x-y) -1<0, @)
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Figure 1. The surface (2) by oo =0.1
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Figure 2. The surface (2) by oo = 0.2
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Figure 3. The surface (2) by oo =0.5
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Figure 4. The surface (2) by a.=0.7
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whence, minding the obvious factor (x— y)2 €[0;1], the parameter ae(O; %} determines the concavity of the

antagonistic game with the kernel (1).
Continuing, now clear out whether this game is convex or not. The first derivative of the function (1) by the
variable y is

%ﬁ}’)})=%(exp[—a(x—y)1)=20c(x—y)exp[—ot(x—y)2] 8)
and its second derivative
% = %(Za(x—y)exp[—a(x —y)z]) =-2a exp[—oc(x— y)2}+ 402 (x—y)’ exp[—a(x— y)z] =
= 2a(2a(x—y)2 —l)exp[—a(x—y)q )

turns to be identical to the second derivative (4) of the function (1) by the variable x. Then the corresponding
convexity condition

20(x-y) =10 (10)

is impracticable for any o > 0 as this fails yet for x =y .
Accepting the parameter o e (0; %} after the stated (3) — (10), the minimum of the surface (1) as the function

of the variable y on the segment [0;1] is

. . 2 2 1
g[lé;r}]P(x, y)= )gfé;rhexp[—a(x—y) J =P(x,1)= exp[—a(x—l) J Vxe [O, E} (11)
and
min P(x, y)= min exp[—a(x—y)q =P(x,0)= exp(—otxz) Vxe L 1]. (12)
yel0:1] ’ yel0:1] ’ 2 ’

The optimal game value

v, :)I{E[ax min P(x, y)=max< max_P(x,1), max P(x,0)¢=

Pt 0:1] ye[0; 1]

xe€| 0;l xe| —; 1
2 2

— max Taﬁ(exp[—a(x—l)z}), m?x}[exp(—(xxz)] zexp{—a(%sz:exp(—%j (13)

xe| 0;— xel — 1
2 2

is reached on the optimal pure strategy x,, =% of the first player. The essential pure strategies of the second player are

the roots of the standard equation
o 2 1 1Y
vopl :exp(_Z):P(xopt’ y):exp[_a(xopt_y) :|:P(Ea yj:exf{_a(g_yj :| (14)

Going on, as —%:—%ﬂxy—ocyz and y(l— y)=0 then the roots of the equation (14) are the pure strategies

y=y=0and y=y,=1.
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Further on, may (p( y) be the optimal probability of the pure strategy y selection by the second player. Then

the optimal probability of the pure strategy y, =0 selection is determined from the equilibrium situation nonstrict
inequality

P(x, 1)o(n)+P(x, 3,)0(3:) = P(x, »)o(n)+P(x, ») [ 1-0(n, ]=
=P(x,0)9(0)+P(x, 1)[1—@(0)]:(p(O)exp(—ocxz)+[l—(p 0 ]exp[ ]

P 2 )0(3) + P32 3, )0(32) = P30 31 )0(31) + P00 32 ) 1= 0(3) | =

_ (0 exp[__) [ )}exp[_%}exp[_%}:vm (15)

by x#x,, :% , where just has been used the equilibrium point conception with the condition ¢(y,)+¢(y,)=1 [6 —

//\

10]. In order of (15) there is the subsequent inequality
2 2 (03 2
(p(O)(eXp(—ocx )—exp[—a(x—l) J) < exp(—zj—exp[—a(x—l) } , (16)

which components should be evaluated for x e [O; %) and xe (%, 1} by the corresponding minima (11) and (12) of

the kernel (1).
As it is easy to see (figure 5), there is the relation

exp(—ax2)>exp[—oc(x—1)2} 17

Vxe |:0; %j and that conditionally gives

exp(—jj - exp[—oc(x - I)ZJ
exp(—omc2 ) - exp[—a(x - I)ZJ .

(18)

0(0)<

exp[—a(x—l)z}

0 05 1
X

Figure 5. Relation between two exponents in the left side of the inequality (16)

The ratio in the right side of the inequality (18) is the monotonously decreasing curve by any fixed a e (O; %} and

Vxe { j (figure 6). But the limit
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exp(_%j-exp[-a(x-l)z]
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Figure 6. The right side of the inequality (18), that imaged as a surface

exp(—jj—exp[—oc(x—l)q i(exp(—j)—exp[—a(x—l)z])
lilllz —ox?)= |:_ -1 2:| - lillri 0 2 2 -
g exp( ax) exp| —a(x—1) e &(exp(—ax )—exp[—a(x—l) ])
B} a
Zoc(x—l)exp[—oc(x—l)2 —aexp(—4j |
=x1—i>r£s —2axex (—ax2)+2(x(x—1)ex [—;x(x—l)z] =x1—i>r£s a a)| 2
2 P p e —aexp(—4j—(xexp(—4j

displays that V x € [O; %) the optimal probability of the pure strategy y, =0 selection satisfies the condition

0(0)e {0; l} =0,.
2
Taking x e (%, 1} leads from the statement (16) through the relation

exp(—owc2 ) < exp[—a(x - 1)2}
to the inequality

exp(—j}—exp[—(x(x—l)z} |

0(0)> exp(—oucz)— exp[—a(x —1)2}

(19)

(20)

e2))

(22)

The ratio in the right side of the inequality (22) is the monotonously decreasing curve by any fixed o G(O; %} and

Vxe (%, 1} (figure 7). But the limit
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Figure 7. The right side of the inequality (22), that imaged as a surface
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e>0

displays that V x € (5, 1} the optimal probability of the pure strategy y, =0 selection satisfies the condition

cp(o)eB; 1}:@2. (24)

Consequently, the optimal probability of the pure strategy y, =0 selection is

a0e0,00, [0 2] L] {1} o

Hence the optimal probability of the pure strategy y, =1 selection is (p(l) :%. Then the game with the defined on the
unit square D, = [0; 1] X [0; 1] kernel (1) by the parameter o € (O; %} is solved in the single optimal strategy of the first

player x,, :% and the single mixed optimal strategy of the second player, which consists in the equiprobable selection

of the two pure strategies y, =0 and y, =1 due to (19) — (25). Such equilibrium situation gives the optimal game

value v, :exp(—%). And by this system persecutor — prey configuration the likelihood of striking the prey is

sufficiently great, as even in the worst case, that is by o = % , the probability of the strike is v, = exp(—%) ~ 0.8825.
1. . .
However, the parameter o € (0; 5} is a feature of the high-technology equipment for the persecutor. So, the

1 . . .
case o >E should be solved carefully as well as the previous. The exact analytic methods of solving such system

persecutor — prey configuration are unavailable. Then for getting the needful solution there may be applied the
MATLAB 7.0.1 software for numerical computations. The viewed on the figure 8 program module ppsr (Persecutor —
Prey System Resolution) handles the single input o and returns the result as the solution of the game with the defined

on the unit square D, = [O; 1]x[0; 1] kernel (1). For instance, if o :% then the solution is much the same as for the
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cases with a e O;% (figure 9). Actually, the carried investigations prompt that for o e(O; 2] the solution stays

nearly stable. Some insignificant deviation from the equiprobable selection of the two pure strategies y, =0 and y, =1

is explained with the finite precision of calculations, which mainly are in the program submodule Sp, accepting the
kernel in the matrix form and returning the whole game solution (figure 10). Nevertheless, the single optimal pure

strategy of the persecutor x, :% remains for a € (0; 2] definitely. And only for o >2 the number of pure strategies
of the players, selected with nonzero optimal probabilities, starts increasing (figures 11 — 19).

B E\MATLAB7pOp1work',ppsr.m =3}
File Edit Text Cell Tools Debug Deskiop Window Help ~

Dl RRo | & #F 80|ERE RB| sexln -

1 function [P1PS P1PS_proksbilities PZPS P2PS_probabilities v_opt] = ppsr(alpha)
2 - if alpha <= 0
3 - error (' The input paramster alpha must he greater than 0.')
4 - end
5= if alpha <= 0.5
6 - disp (' ®¥_opt = 1/2')
7 - disp (' T _opr= <id, 1}, {1/z, 1/Z}», that is there the pure strategies y=0 and p=1 are selected equiprobsbly’ )
& - disp([' v_opt = | numZstr(exp(-alpha/4)]])
9 - P1PS = 0.5;
10 - P1P3_probahilicies = 1;
11 - PZP3 = [0 1]:
iz - PZP3_prokabilicies = [0.5 0.5];
13 - V_opt = nun2str (exp(-alphasd));
14 — else
15 - kx = 0;
16 — N = 200;
17 - for x = 0:1/M:1
18 - kx = kx + 1;
19 - ky = 0;
z0 - for ¥ = 0:1/M:1
21 - ky = kv + 1:
2z - F(kx, ky) = exp(-alpha*(x-v)"2):
23 - end
24 — end
25 - [¥ opt, Y _opt, Vlew, Vup, OM3, w_opt] = sp(P):
26 — format short
27 - P1PSnumbers = find{abs(Z opt) > le-10]:
26 - PZP3numbers = find(abs(¥_opt) > le-10]:
29 - disp (' The persecutor pure strategies to be selected:')
30 - P1PS = (FlPSnumbers-1)/N
31 - disp (' The optimal probabilities of the persecutor pure strategies selection:!')
3z - P1PS_probabilicies = X _optifindiabs (I _opt] > 1le-z0)):
33 - if sum(P1P%_probebilirties > 1-1e-10) > O
34 - P1P%_probasbilities = 1:
35 - disp (' The single optiwal pure strategy of the persecutor must be selected in ewvery plav. ')
36 - elae
37 - P1P%_probabilities = ¥_optifind(abs(X_opt) > 1le-20))
38 - end
39 - disp(' ')
40 - disp (' The prey pure strategies to be selected:')
41 - P2P2 = (PZPZnumbers-1)/N
4z - disp(' The optimal probebilities of the prey pure strategies selection:')
43 - P2PS_prohehilities = ¥ optifind(sbs(¥ opt] » 1e-20))
44 - disp(' '}
45 - disp([' v opt = ' numZstr(v_opt)])
46 - end
47 -  dispi' ')
o fiiml

| st [ln 97 ca 10 [ove 4

Figure 8. The program module ppsr code in MATLAB 7.0.1 M-file Editor
-0 x]
File Edit Debug Desktop Window Help

0= & Boo o |8 | % | current Directory. [EWATLABT0R work =

>> [P1P3 P1PE_probsbilities P2P3 PZP3_probsbilities v_opt] = ppsrci3/4); =
The persecutor pure strategies to ke selected:

P1F3 =
0.5000
The optimal probabilities of the persecutor pure strategiles selection:

The single optimal pure strategy of the persecutor must be selected in every play.

The prey pure strategies to be selected:
P2ZPS =
o 1
The optimal probabilities of the prey pure strategies selection:
PZFP3_probabilities =
0.501a 0.4584

v_opt = 0,825903 ﬂ

4 stort

BN

Figure 9. The persecutor — prey system resolution for oo =0.75
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I (=]
Fle Edt Test Cell Tools Debug Deskiop Window Help ~
DS H | R (567 08 B0E B8 | swle -
1 function [Slopt, SZopt, Vlowl, Vupl, ONS, Vopt]=sp(F) =
2 = This function finds the low and up values of the game, and, if saddle points exist, determines the optimal
3 % otrategies for players. The input for this function is a payoff matrix.
q - format rat
5 sdisp(' ')
6  sdisp(’  Payorf matrix=')
7 sdispi’ ')
8|  sdispimumgstr (P, 2]}
5 saispi' ')
10 = [lines columns]=size(P):
11 - [VlowCelwnns VlowColuensIndices]=win(P, [1,2):
1z - [Vlowl VleowlIndices] =wax (V1owColumns) :
13 - [Vuplines VupLinesIndices]=mex (P, [],1):
14 - [Vupl VuplIndices]=min(VupLines):
15 -  k=0;
16 - 1=0;
17 = for line=1:lines
18 - if Vlewl==VlowColumns (line)
13 - =kt |
20 - VlowIndices (k, :)=[line VlewColumnsIndices(line)]:
21 - for column=V1owColunnsIndices |line]+1:columns
2z - if Vlowl==P{line,column)
23 - kektl;
24 - VlowIndices [k, :)=[line column];
25 - end
26 - end
27 - ena
28 - end
29 - for column=1:columns
30 - if Vupl==VupLines (column)
31 - 1=1+1;
3z - VupIndicesil,:)=[VuplinesIndices (coluan] coluwa]:
33 - for line=VuplinesIndices(column]+1:lines
a4 - 1T Vnpl==F(line,column)
35 - 1=1+1;
36 - VupIndices|l,:)=[line colwmn]:
37 - end
38 - end
s - end
40 - =nd
41 - 1f ~isempty(intersect(VlovIndices,VupIndices, rous'])
4z - SaddlePoint Indices=intersect (VlowIndices,Vuplndices, ' rous');
43 - Slopt=unique (SaddlePointIndices(:,1]]:%510pt_quantity=length(S1opt]:
a4 - s2opt=unigue [SaddlePointIndices (:,2));3520pt_gquantity=lengthiS2opt) ;
45 - disp([' Vlew=Vup=' mumZstr(Vlewlj]],Oms=0;
46 - Vopt=Vlowl:
47 - for k=1:lengthiSlopt(:,1))
a8 - disp([' Slopt=Sl ' numzstr(Sloptik))])
a9 - end _';I
4] | 3
[s [tnas & [ovr

Figure 10. The program submodule sp code in MATLAB 7.0.1 M-file Editor

=lolx]

File Edit Debug Deskbop MWindow Help
0 @‘ ¥ B o |ﬁ ﬁ| ¥ ||ElMATLAB?pEIp1\Wnrk LlJ

»> [P1P3 P1P3 probabilivies PEP3 P2P3_probabilities v_opt] = ppsrc(3);
The persecutor pure strategies to be selected:
P1P3 =
0.0700 0.3300
The optimal probasbilities of the persecutor pure strategies selection:
P1P5_probabilities =
0.5000 0.5000

|»

The prey pure strategies to be selected:
P2P3 =
[u 1
The optimal probabilities of the prey pure strategies selection:
PZP3_probabilities =
0.5000 0.5000

v_opt = 0.53004 LI

4 start | 4

Figure 11. Appearance of the two pure strategies x; = 0.03 and x; =0.97 for the equiprobable selection of the persecutor by o =3
=1o1=|

File Edit Debug Deskiop Window Help
0 E”'-‘ & B o o |ﬁ ﬁ‘ 7 HE:WIATLABTpUm\WDrk =] J

>> [P1P% P1PS_prohabilities P2PS P2P3_probabilities w_opt] = ppsr(4); d
The persecutor pure strategies to he seslected:
P1P3 =
0.0550 0.9100 0.9150
The optimal probabilities of the persecutor pure strategies selection:
P1P5_probabilities =
0.4997 0.1z86 0.3737

The prey pure strategies to be selected:
P2P5 =
[u 0.5000 1.0000
The optimal probabilities of the prey pure strategies selection:
F2P5_probabilities =
0.4444 0.1111 0.4344

v_opt = 0.50319 El

4 start | Y

Figure 12. By a. =4 both the players have the three pure strategies for their selection
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RI=EY

File Edit Debug Desktop ‘Window Help

D] & Bl o o |8 7| [emariesmnmk =[]

>> [P1P3 P1P3_prokabilities P2P3 P2P5_probabilities w_opt] = ppsr(8); ;I
The persecutor pure strategies to be selected:

P1P3 =

0.1350 0.5000 0.8650

The optimal probabilities of the persecutor pure strategies selection:
FiP3_probsbilities =

0.4534 0.0933 0.4534

The prey pure strategies to be selected:
PZP3 =
a 0.5000 1.0000
The optimal probabilities of the prey pure strategies selection:
P2P3_probabilities =

0.3437 0.31z2¢ 0.3437 J
v_opt = 0.40561 LI
4 start | A

Figure 13. Symmetrization of the three pure strategies and their selection probabilities by oL =8

+): MATLAB =10] x|

File Edit Debug Desktop ‘Window Help

0 E”'-‘ % B o o |ﬁ ﬁ‘ 2 HE:\MATLAB?pUp‘HWork ;lJ

>» [P1P5 P1P5_probabilities PZPS PZPI_probabilities v_opt] = ppsr(ll); ;I
The persecutor pure strategies to he seslected:

P1P3 =

0.0550 0.0600 0.5000 0.9400 0.9450

The optimal probabilities of the persecutor pure strategies selection:
FiP3_probsbilities =

0.2509 0.1080 0.z28z2z2 0.1080 0.2509

The prey pure strategies to ke selected:
P2P3 =
a 0.4300 0.4350 0.5650 1.0000
The optimal probabilities of the prey pure strategies selection:
FzPS_probabilities =
0.3312 0.0z04 0.1477 0.1696 0.3312

v_opt = 0.36454

4 start

]

Figure 14. Appearance of the five pure strategies for their selection by oo =11

=TEY
File Edit Debug Deskhop Window Help
0= ‘ & B o o ‘ o ‘ 7 | Curtent Directory: | EMATLABTROR work | J

»» [P1P% P1P3_probabilities P2P3 PEZP5_probshilities w_opt] = ppsrlz]; —

The persecutor pure strategies to be selected:
P1PS =

0.0600 0.0650 0.5000 0.9350 0.9400

The optimal probabilities of the persecutor pure strategies selection:
PiPS_probsbilivies =

0.0427 0.3158 0.2823 0.3158 0.0427

The prey pure strategies to he selected:
P2PS =
] 0.4000 0. 6000 0.5050 1.0000
The optimal probsbilities of the prey pure strategies selection:
P2PS_probabilities =
0.3170 0.1855 0.0774 0.1033 0.3168

|

4

v_opt = 0.35522

4 start

Figure 15. Some asymmetry of the five pure strategies of the prey by o0 =12

-0l
File Edit Debug Deskiop Window Help
D | & B@ o o |8 0| 2| curenDrectory, [EWATLAB R wark =[]

»> [P1P3 P1P5S _prohsbilicies P2PS P2P3 prohehilities v_opt] = ppsr(ld): =

The persecutor pure Strategiss to be sSelected:
F1F5 =

0.0750 0.0800 0.5000 0.9200 0.9250

The optimal probabilities of the persecutor pure strategies selection
F1FS_prohabilities =

0.2188 0.1375 0.0000 0.2854 0.1375 0.2188

The prey pure strategiss to be selected:
FZF5 =
0 0.3600 0.3650 0.6350 0.5400 1.0000
The optimal probabilities of the prey pure strategies selection:
PzPS_probabilities =
0.2906 0.1304 0.0801 0.0190 0.1895 0.2904

v_opt = 0.3375

|
4 start 4

Figure 16. By oo =14 the persecutor selects its five pure strategies (the zero probability must be expunged),
and the prey selects its six pure strategies
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< MATLAB N ]
Fie Edit Debug Desktop Window Help
DE| % BB o o 8| | curentDrectory: [EmaTLABTR00 work =
»» [P1PS P1P5_prokabilities P2P3 P2P3_prokabilities v_opt] = ppsr(le):; _I
The persecutor pure strategies to be selected:
P1PE =
0.0850 0.0500 0.5000 0.5100 0.9150
The optimal probabilities of the persecutor pure strategies selection:
P1P3 probsabilities =
0.15911 0.1653 0.2871 —-0.0000 0.1653 0.1511
The prey pure strategies to be selected:
PZP3E =
a 0.3450 0.3500 0.6500 0.6550 1.0000
The optimal probabilities of the prey pure strategies selection:
PZP3 probabilities =
0.z7z0 0.zzoo 0.0078 0.0108 0.2173 0.z27z0
v _opt = 0.32075
>»> [P1PS P1P5_probabilities P2ZP3 PZP3_probabilities v _opt] = ppsr(l8);
The persecutor pure strategies to be selected:
P1P3E =
0.o0voo 0.3950 0.4000 0. 6000 0.6050 0.9300
The optimal probabilities of the persecutor pure strategies selection:
FP1P3 probsabilities =
0.32z24 0.1z2z0 0.0558 0.0558 0.1220 0.32z24
The prey pure strategies to be selected:
PZP3E =
a 0.3400 0.3450 0.6550 0.6600 1.0000
The optimal probabilities of the prey pure strategies selection:
PZP5_probebilities =
0.2671 0.0949 0.1380 0.1380 0.0949 0.2671
v_opt = 0.30595
>> | =
4 start | v

Figure 17. Pure strategies and their probabilities by oo =16 and a0 =18

) MATLAB

ol LIE
File Edit Debug Desktop Window Help File Edit Debug Deskiop ‘Window Help
D & BB o o 8| 7| [Ewawssmomwor =[] O & Bl o o | 8| 2| [eweaiesmon ik =L
»» [P1P5 P1P5_probabilicies PZPS PIP3_probabilities v_opt] = ppsr(20); ﬂ >> [P1P3 P1P3_probebilicies PZP3 PZP3_probebilities v_opt] = ppsriZ&); d
The persecutor pure strategies to be selected: The persecutor pure strategies to he selected:
P1PS = P1PS =
0.0500 0.0550 0.3650 0.6350 0.9450 0.9500 0.0550 0.0600 0.3450 0.5000 0.6550 0.9400 0.9450

The optimal probabilities of the persecutor pure sStrategies selection:
P1P3_probshilivies =

0.z877 0.0088 0.z2057 0.z2057 0.0088 0.z2877
The prey pure strategies to he =selected:
P2P3 =
o 0.3400 0.3450 0.6550 0. 6600 1.0000

The optimal probabilities of the prey pure strategies selection:
PZP5_probshilivies =
0.z631 0.z118 0.0z51 0.0z51

0.2118 0.2631

v_opt = 0.29424

4 start |

| |
|
4

The optimal prokbabilities of the persecutor pure strategies selection:
P1P5_probabilities =

0.1637 0.1130 0.1933 0.0600 0.1833 0.1130 0.1637
The prey pure strategies to be selected:
PZF5 =
a 0.2650 0.z2700 0. 5000 0.7300 0.7350 1.0000

The optimal probabilicies of the prey pure strategies selection:
P2P5_probabilities =

0.2243 0.0734 0.1083 0.1761 0.1083 0.0794 0.2243

v_opt = 0.25955

i

| I

4 start | 4

Figure 18. Symmetrization of the six pure strategies for their selection Figure 19. Appearance of the seven pure strategies for their selection

by o =20

by o =28

. . . . 1
It ought to be underlined, that the persecutor — prey systems with the optimal probability v, < 3 of the prey

strike are out of practical interest. Then the case on the figure 12 is nearly the worst, where both the competitors should
select the three pure strategies with the corresponding optimal probabilities.

The being determined within the module ppsr optimal probabilities may be easily practiced [11 — 15] by the
prey or the persecutor, if it applies the earlier developed MATLAB 7.0.1 program module opr2 (figure 20, [16, 17]). It
is sufficient for the prey (or the persecutor) to type in the MATLAB 7.0.1 Command Window the line with the six
arguments of this module, knowing the number G of the future shots on itself (or the future shots on the target), and
run this line by pressing the enter key, as it is shown on the figure 21. The module opr2 will compute the vector

V:[v1 v,

Ve ] (26)
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of the persecutor payoffs {v j}G . where v, is the kernel (2) value in the shot j by j= 1,G,and actually their average
=

is converging to v, as the number of the shots is tending to infinity:

opt
| & G
lim— » v,=—lim » v, =v 27)

jor Gl TG jn ket TR
= /=

Besides, in the MATLAB 7.0.1 Command Window there are returned the hints of what pure strategy to be selected, and
the relative deviation

& =—L (28)

Vopt

of the averaged persecutor payoff.

ATLAB7pOp1iwork'opr2.m o x|
File Edit Text Cell Tooks Debug Deskiop Window Help ~
DEE|iRBdoc|Sas 00| AR REA| sk =
1 function [Pagoff 1] = opr2 (PayoffMatrix, G, Soft_Correction, g Display, g pause, PureStrategy Display) =l
2 - if nargin==3
3 - g_Display=0:
4 - o_pause=0;
5 - PureStrategy Displap=0;
6- end
7 - if g Display==0
8 - g_pause=0;
9- end
10 - [Slopt, SzZopr, Wilowl, Vupl, OMS] = sp(PayoffMatrix);
11 - Payoff_l=zeros(l,G);deltal=zerosii,G) ;deltaz=zerosil,G] ;First_Player_Pure_Strategy Nurber=zeros(l,G);Second Player_Pure_Strategy Number=zeros(1,G]:
1z - if oms==0 ||
13 - disp({' This watrix gawe is solved in pure strategies.')
14 - return
15 -  end
16 - Vopt=Slopt*PayoffMatrixSiopt'; format long
17
18 % g=1 the first player behavior
19 -  if g Displap==1
20 - disp([' Now is the ' num2str(1) ' play'l)
21 - if g_pause==1
22 - pause
23 - end
24 - end
25 - betal=1/ (Vopr-¥lowl)
26 - al=1:
27 - for ge1:G
26 - delral(g)=1/ (g¥beralsg® {1/ (al)j);
29 - end
30 - First_Player_Pure_Strategy_Number (1) =oprlpl(Slopt): % Initially selecting the pure strategy
31 - Vi{1)=sum(PayoffHatrix(First Player Fure Strategy Muwwber(1j, :).+¥52opt):
32 - while V1{1] < Vopt-deltai(l)
33 - First_Player_Pure_Strategy Number (1) =opripl(Slopt):
34 - V1{1)=swm(PagoffHatrix {First Player Pure Strategy Number(l), :).+SZoptj:
35 - end
36~ YO(l, :)=S2opt: % Definition for 3Zopt probabilities recalculation
37 - if PureStrategy Display==1
3 - disp([' Now the first player has selected the pure strategy x' numZstr (First_Player Pure Strategy Number(1))])
39 - end
40
41 % g=1 the second player behsvier
4z = betaz=1/ (Vupl-Vopt):
43 = az=1;
44 -  for g=1:G =
d | o
| oprz [Ln 168 col 125 [ovR

Figure 20. The starting part of the program module opr2 code in MATLAB 7.0.1 M-file Editor

Collection of Scientific Papers of Applied Math and Computer Technologies Faculty
of Khmelnytskyy National University / 2009, N. 1 (2)
13



Applied Math

option of the soft or hard correction of the
marginal losses, where 1 corresponds to

the number of shots {(game replays) the soft correction

the kernel in the matriz form

<k MATLAB
File Edt Debug Des

AR -\U h‘ﬁ/ ﬁmmmq EMATLAB7pOpt twork LIJ

»> [Pagoff_1] = nprZ(P &, 1,

=10

Now is the 1 play
Now the first plager has selected the pure strategy x27
Now the second player has selected the pure strategy 51

Now is the 2 play
Now the first player real payoff is 0.85271
Now the first player has selected the pure strategy x27 option of whether the mumber of the current
Now the second player has selected the pure strategy y51 shot sheuld be displayed

Now is the 3 play
Now the first player real payoff is 0.85271
Now the first player has selected the pure strategy x27
Now the second player has selected the pure strategy y51

Now is the 4 play

option of whether the pure strategy
niumber, being selected in the current
shot, should be displayed

Now the first player real payoff is 0.85271 0pti0n of whether the pause is needed
MNow the first player has selected the pure strategy x27 after each shet, where 1 COUESPOUC{S to
Now the second player has selected the pure strategy ysi the pause setting on

Now is the 5 play

Now the firsec player real payoff is 0.85271

Now the first player has selected the pure strategy x25

Now the second player has selected the pure strategy y51

Now is the 6 play

Now the first player real payoff is 0.82797

Now the first player has selected the pure strategy x27

Now the second player has selected the pure strategy y51

Now is the 7 play

Now the first player real payoff is 0.85271

Now the first player has selected the pure strategy x27

Now the second player has selected the pure strategy v51

Now is the & play

Now the first player real payoff is 0.85271

Now the first player has selected the pure strategy =27

How the second player has selected the pure strategy y51

At last, the first player real payoff is 0.85271

The relative deviation of the averaged payoff of the first player is 0.0099041
Payoff_1 =

0.85271173552118 0.85271173552118 0.85271173552118 0.85271173552118 0.82796705280245 0.85271173552118 0.85271173552118 0.85271173552118
>

4 start 4

Figure 21. The example of running the program module opr2 code with G =8 and some kernel (2) in the matrix form

Some examples of the module opr2 application are shown below on the figures 22 — 34, and the mean
probability of striking the prey dependence is plotted on the figures 35 — 36. Here it must be marked, that the program
module opr2 does not require the program module ppsSr running before or later, as it works fully without assistance.
But instead of putting there the kernel (2) in the matrix form as the payoff matrix, there may be put just the
corresponding submatrix, which lines correspond to the optimal strategy spectrum of the persecutor, and columns
correspond to the optimal strategy spectrum of the prey.

MATLAB (=] 5]
Fle Edit Debug Deskiop Window Help
D"‘l & B o o |N ﬁ| 7 | Currert Directory: | EWATLAET weork LlJ
>> [Payoff_1] - opr2(P, &, 1, 0, 0, O} W
The relative deviation of the averaged payoff of the first player is 0.0072363
Payoff 1 =
0.82796705280245  0.85440009343717  0.85271173552118  0.82796705280245  0.55440909943717  0.85271173552118  0.85440909943717  0.85440909943717
»> [Payoff_1] = oprz(P, 8, 1, 0, 0, 0
The relative deviation of the averaged payoff of the first player is 0D.011417
Payoff_1 =
0.85440909943717  0.82796705280245  0.85430908943717  0.85271173552118  0.854409089943717  0.55440908943717  0.85440909943717  0.85440909943717
>> [Payoff_1] - opr2(P, &, 1, 0, 0O, O}
The relative deviation of the averaged payoff of the first player is 0.0073443
Payofi 1 =
0.85440909943717  0.85271173552118  0.53002990648014  0,83002950648014  0.85271173552118  0.55440908943717  0.85271173552118  0.85271173552118
>> [Payoff_1] = oprZ{P, 8, 1, 0, 0, O}
The relative deviation of the averaged payoff of the first player is 4.5992=-005
Payoff 1 =
0.82796705280245  0.85440009343717  0.53002990648014  0.83002900648014  0.85271173552118  0.53002900648014  0.85271173552118  0.85271173552118
»> [Payoff_1] = oprz(P, 8, 1, 0, 0, 0} &
The relative deviation of the averaged payoff of the first player is -0.0030176
Payofi_i -
0.55240909943717  0.83002390648014  0.85271173552118  D.53002990648014  0.83002990646014  0.63002990648014  0.530NZ990548014  0.85271173552118 |
4 strt | 4

Figure 22. The vectors (26) by G =8 and the same kernel (2) in the matrix form
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Figure 23. The vectors (26) by G € {10, 12,14, 18} and the same kernel (2) in the matrix form
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Figure 24. The vectors (26) by G € {20, 25, 40} and the same kernel (2) in the matrix form
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50 and the same kernel (2) in the matrix form, and the first portion of the vector (26) by G =100

Figure 25. The vector (26) by G
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Figure 26. The second portion of the vector (26) by G =100 and the same kernel (2) in the matrix form,

and the first portion of the vector (26) by G =150
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Figure 27. The second portion of the vector (26) by G =150 and the same kernel (2) in the matrix form,

=200

and the first portion of the vector (26) by G
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Figure 28. The second portion of the vector (26) by G
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Figure 29. The hints of what pure strategy to be selected and the vector (26) by G =11 and another kernel (2) in the matrix form
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Figure 30. The first portion of the hints of what pure strategy to be selected and the vector (26) by G

and another kernel (2) in the matrix form
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Figure 31. The second portion of the hints of what pure strategy to be selected and the vector (26) by G

and another kernel (2) in the matrix form
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Figure 32. The first portion of the hints of what pure strategy to be selected and the vector (26) by G

and another kernel (2) in the matrix form
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Figure 33. The second portion of the hints of what pure strategy to be selected and the vector (26) by G

and another kernel (2) in the matrix form
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Figure 34. The third portion of the hints of what pure strategy to be selected and the vector (26) by G

and another kernel (2) in the matrix form
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Figure 35. The averaged probability of striking the prey dependence from the number of shots G € {10, 100}
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Figure 36. The averaged probability of striking the prey dependence from the number of shots G € {100, 200}

The rugged exponential probability kernel
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Again check the real kernel (2) for the game convexity and concavity. The first derivative of the function (2)
by the variable x is

8P(a>; ») :a_i(exp[_a(x_yﬂw(x, y)) :a_@xn(x, »)=20(x=p)exp (x| (29)

and its second derivative is

o*P(x, y) _i[ 0

—n(x, y)—2on(x—y)exp[—oc(x—y)2D:

o’ ax\ox
o'n(x, y
= %—2aexp[—a(x—y)1+ 4o (x—y)’ exp[—a(x—y)z] =
- JRas
=20 oc(x—y) —l)exp[—a(x—y) }PT (30)
The first derivative of the function (2) by the variable y is
%);’y) :%(exp[—a(x—y)z] + n(x, y)) = 20L(x—y)exp|:—(x(x—y)1 +%n(x, y) 3D
and its second derivative is
azP(x, y) 0 ) 0
) Yl oa(x— —o(x— = =
e, a(x—y)exp| ~a(x—y)’ |+ 50 )
= M—Zuexp[—a(x—y)1+ 4a’ (x—y)2 exp[—a(x—y)z] =
oy’
2
=2a(2a(x-y) ~1)exp| - (x- )| +%xz,y)' (32)
2
Again, the concavity condition M <0 must be true V xe[0;1] and V y[0;1], and, reversely, the
x
2
convexity condition w >0 must be true V xe[0;1] and V y €[0; 1]. The concavity condition
y
2
20c(2on(x—y)2—1)exp[—a(x—y)2]+%<0 (33)
and the convexity condition
on(x, y
2oc(2(x(x—y)2—l)exp[—a(x—y)2]+%>0 (34)

may be verified numerically with as high precision as needed. The concavity of the being explored game will point at
that the persecutor has the pure strategy, and the convexity will point at the prey having the pure strategy. Further,
within here, it will be programmed within the updated MATLAB 7.0.1 program module ppsr. This updated module
should accept minimally the two inputs, first of which is the parameter o . The second input is the roughness surface

n(x, y), being added to the exponential probability (1). Naturally, that by n(x, y)=0 the updated program module,
that may be called ppsr2, must function as the prime original module ppsr. The screenshot of the module ppsr2
code is on the figure 37. Clearly, the precision of the convexity and concavity verification depends on the number of the
input points of the roughness surface n(x, y).

The examples of the program module ppsr2 application require to have the surface n(x, y) . To produce this

surface artificially there has been coded a script line (figure 38), which returning had been used by plotting the figures 1
— 4. With the artificial roughness surface n(x, y) there are the 13 live results (figures 39 — 51) of having applied the
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program module ppsr2 by different o and amplitude of the surface n(x, y) roughness.

\MATLAB7pOp1'work'ppsrZz.m alilil
Y

File Edit Text Cell Tools Debug Desktop Window Help

o -

DR[EREY Q8| sxe o

1 function [P1P3 P1PS probabilities PZPY PIZPS_probabilicies w_opt] = ppsri (alpha, noise_rough) =]

2z - if alpha <= 0

3 - error(’ The input parameter alphs must be greater than 0.')

4 - end

5- kx =0

& - N = z00:

7= for x = O:1/N:1

8 - kx = kx + 1;

a2 - ky = 0;

10 - for v = 0:1/M:1

11 - kv = ky + 1;

1z - Flkx, ky) = exp(-alpha®(x-y)"Z] + noise_rough(kx, ky):

13 — if P(kx, ky) > 1

14 - P{kx, ky) = 1.

15 - end

16 — end

17 - end

18 —  if sum(swum(diff(P, 2, 1) <= 0)) == size(diff(P, 2, 1), 1)*size(diff(P, 2, 1], 2)

19 - disp(' This is the concave geme, and here the persecutor should have the single optimal pure strategy.')

20 - disp (' This pure strategy, in the displayed below strategies, is selected with the greatest probability, ')

21 - disp (" and the rest strategies, even with nonzero probabilities, may be neglected. ')

22 = end

23 - if gum(sum([diff(P, 2, 2) »>= 0)) == size(diff(P, 2, 2), 1)*3ize(diff(P, 2, 2), 2}

24 - disp (' This is the convex game, and here the prey should have the single optimal pure strategy.')

25 — disp (' This pure strategy, in the displayed below strategies, is selected with the greatest probability,')

26 — dispi(’ and the rest strategies, even with nonzero probabilities, may be neglected.')

27 = end

28 - [X_ opt, Y opt, Vlow, Vup, OMS, v _opt] = sp(P):

29 - format short

30 - P1lP3numbers = findishs(Z_opt) > le-10);

31 - PZP3numbers = findishs(Y_opt) > le-10):

32 - disp{' The persecutor pure strategies to be selected:')

33 - P1P3 = (P1PSnumbers-1) /M

34 — dispi’' The optimal probabilities of the persecutor pure strategies selection:')

35 - P1P3_probsbilities = X opt(find(abs(X_opt) > 1e-20)):

36 — if sum(P1P3_prohabilities > 1-le-10) > 0

37 - P1P3_probabilities = 1;

ag - disp (" The single optimal pure strategy of the persecutor must be selected in every play.')

39 - else

40 - P1P%_prohabilities = X oprifindiabs(X opt) > le-z0))

41 - end

42 —  dispi' ")

43 — dispi(' The prey pure strategies to be selected: ')

44 - P2ZPE = (P2PSnunbers-1)/N

45 -  dispi' The optimal probakilities of the prey pure strategies selection:')

46 -~ PZPS_probabilities = Y_opt(find(abs(Y_optj > 1=-20j)

47 —  dispi' ') ==

45 — dispi[’' V_opt = ' numZsStr(v_apt)])

49 - disp(' '} _'ﬂ

4| | »
[ppsrz Ln 51 Col 1 [ovE
Figure 37. The screenshot of the module ppsr2 full code

QBN kx = O

ihil|= NE=S507

12z - for x = 0:1/N:1 amplitude of the surface 7(x, y) roughness

13) = kx = kx + 1; \ /

= ky = 0

15 - for y = 0:1/N:1

o] = ky = ky + 1:

i = P(kx, ky) = expi-alpha*(x-y)~2)+0.002*randn;

18 = if P(kx, ky) > 1

19 = Plkx, ky] = 1:

20 - end

21 = end

22 - end

a sampled point of the randomly generated
surface »(x, )

Figure 38. The fragment of the script code, which returns the sampled surface n(x, y) , what had been used by plotting the figures 1 — 4

With the number of the future shots G, for practicing the been determined optimal probabilities, the prey or
the persecutor should apply the earlier mentioned MATLAB 7.0.1 program module opr2 by typing in the MATLAB 7.0.1
Command Window the line with the number G and running this line by the pressed enter key. The module opr2 will
compute the vector (26) and the value (28), where actually (27) stays. All the hints, obviously, appear also, if they are
checked with the corresponding option.
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Figure 41. Program module ppsr2 application with o
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Figure 44. Program module ppsr2 application with o

Collection of Scientific Papers of Applied Math and Computer Technologies Faculty

ty /2009, N. 1 (2)

/versi

of Khmelnytskyy National Un

36



Applied Math

L
TLERE D = ado A

95750 ZFSF 0
= satatTToedoad gdEd
UoT9aaTas gatbIqeaas aand Aaad syl Jo satarTrocedgoad rewrtaido aiL
T u]
= SdZd
IpE9oaTaE 249 09 gatbIqedas =and Aaad ayp

aTze -0 OsLE 0
= satatTToedoad gdTd
iuoTa1o3T=2E satfaieaas aand Joana=asaad 2yl o satatTToedoad pewmrado =1L
O0Es"0 0oLt 0
= 2dTd
tpIlaaras 24 031 sIrthsdweIds =and Iodnossazd oyl

f{(T0Z)upwed,0z00°0 ‘5°0) 2asdd = [2d0 & 22TaTTroeqold Sdzd Sded e2TatTiaeqoad gd1d S41d] <<

soege 0 = ado A

LEOSTO £06%F "0
= gatarTioeqoad gdzd
ruoTgaoa1as satbaseass 2and Laad =gy Jo satarTiceqgoad pewmtido =i
T a
= &dZd
ipai1asT=as =3q 01 sathsaeais sand daad =il

T5L0°0 a6FZ6 0
= satatTToedoad gdTd
ruoTanaT2s e2tbaqeaas =2and Joanaossazsd =yq Jo satarTToeqoad Tewmtado ayp
os#s "0 058+ 0
= 2d1d
ip=2i1o3r72E ag o3 satheaexls =2and aojnaasaad agl

{{Toz)upuel,0ro0 0 ‘5o0) zasdd = [ado s serarrroedoad gdzd Sded SeTaTTTeedoad gdid S4Tdl <<

[ [=

o, L oipd 297 1L 3 | FaopEag wasng _ & _ =i ﬂ_ [SENER- _,ﬂ_ ]

=ar=

dsH mopuifn dopssg Brigeq  IET 9|

=05

Figure 45. Continuing to increase the noise amplitude by o

Collection of Scientific Papers of Applied Math and Computer Technologies Faculty

ty /2009, N. 1 (2)

/versi

of Khmelnytskyy National Un

37



Applied Math

Laanto

ooon*"T

OFF0"0

05z9°0

G3TT 0

oooo-tT

05070

05L9°0

GEETT0

055670

FSETTO

aoosto

ogs0t0

056870

S¥I0°0

aoesto

gkeE0"0

oosat0

SZET'0

058570

zEz0t0

Qo0s&’ 0

Z60T°0

aossto

Z9L0°0

0586°0

aozot0

ooss 0

2ZaT°0

[nf=g=]-agn}

1200

ooFs "0

26070 SE90°0

aogato 00Le"0

ZEZD0 £50T "0

<<
7600 = ado A

LFETCO LEED O OTF0 0 SoL0t0 LEE0°0 LZLOO Z8Z0°0
= satatTtegoad gdzd
iuoT12arTas sathadeaas aand A3ad =yl yo satatTtoedgoad Tewmrado aygp
oocot0 aszoto oozot0 0STo"0 aoToto osooto a
= Sd2d
ipagnaras 2dq 01 sS=athaqdeiaas =2and A3ad Syl

ERET0 ZETO0 25800 S¥Z0C0 FOST 0 25800 25000
= satarrroeaoad gdid

ruoTgoares satbsdeass =and Jojnaossasd =131 Fo saT3TITToedgoad Tewiddo =g

oaoosto 056% "0

SlTOElupMeI, 0200

2£20°0 SEFOC0

[aluj=]-pgu} 0sLetn

FEEQTO 9FLEETD

00sF "0 as9%°0 0S5%°0 00SE"0 asEF"0 OSEF"0 OSTF"0
= SdTd
tpEa0aT2s =29 o3 satbeavans =2and aoanossazad Syl

‘grolgasdd = [1do A saratrioedqord gdzd §dzd S9TATTToedord SdTd §dTd] <<
LTEEE 0 = ado a

SE00°0 SLLTO agE0t0 LEEODTOD SE50°0 OFsST 0 LLk00
= £3T1aTTTpecoad gd4zd
tuoTiaaTas S31hs1eIas =aand A3ad syl To SsTATTICedoad Tewtado sl
059670 aoE0to o5e0t0 aozoto aoToto asaoto a
= Bdzd
ipaiosT=as =2 o1 s=3thIaeals =and Asad siyp

F0L0°0 660" 0 9507 "0 FLEDD gcTT 0 0£00°0 5950°0
= ssratrreegoad §4Td

ruoTgoares satbsdeass =and Jojnaossasd =131 Fo saT3TITToedgoad Tewiddo =g

05£5°0 ooeEst0

s{{T0ZlupueiL0z0 0

0oTs -0 ao0sty"0 o0os¥ "0 05z "0 Oo0TE"0 0s58&£°0 oog& 0
= 5dTd
tpa303T72s =29 o3 sathaieass =sand aoanoasaad =iyl

‘grn) zasdd = [ado a sstatricedoad gdzd Sded s=tatTioedoad gd1d SdTdl <<

FE

Ao, Loind Sy TLwina | Faopaug ueing _ & _»E ﬁ_ LSENER - - _e.E |

=ar=

disf mopupy, dopssd Grgea wpE =i
ATk

0.5 by pretty high noise amplitude

Figure 46. Program module ppsr2 application with o

Collection of Scientific Papers of Applied Math and Computer Technologies Faculty

ty /2009, N. 1 (2)

/versi

of Khmelnytskyy National Un

38



Applied Math

7 _tam‘v

£
sE9ge'0 = 2do A

23300 OLEF"O L2EO"0 TETE"D A0sTa
= sat3TTTaeqord gdzd
iuorla=a7=2s sathzzeaas =2and A=3ad 2yl Fo SITITTICEgoad Tewrldo =1L
oooot T ases o goss o osaoto u]
= 2dZd
pEaasT=as ag o1 sathbsdeails sand Asad sl

cekF0°0 LZi0"0 T50T°0 ZLZE"0 LSEFETD
= eatatTraeqoad 2d1d
Io0TaaaT2s sathageias aand Iodnaozsizd 2ya IO S3TATTIcedqold TewTtado =1L
0s£9°0 as5o09°0 05750 05&+"0 QoLE"0
= 5dTd
ipIa0aT=2s =29 03 sathajexls aand aognassasd =L

fi(T0z)upuer, 5p00°0 ‘5rolgasdd = [ado A saTatTioedqord gdzd Sdzd SaTaTTToedqoxad SdTd §4Td] <<
o520 = 3do A

oFos o FS5TETD 90810
= satatrroedoad Sdzd
iuorla=a7=2s sathzzeaas =2and A=3ad 2yl Fo SITITTICEgoad Tewrldo =1L
goootT osaoto u]
= 8dzd
Ip21031=2s afg 01 sathbaqeals sand Asad aul

LLSE 0 L2ZT"0 QETS "0
= =31a1TToedoad g4Td
ruoTjyoaT=as s=31heleaas =2and Joinossa=ad 3yl Fo sSSTITTICeEgoad Tewrido =iy
056570 0o0Fs "0 00SE"0
= 5dTd
tp2a0aT2s =29 o3 s=athodviils =2and Joanozsasd =l

f{(T0z)upuel, 0b00 0 ‘5 0l zasdd = [4do A s2TATTTIoedold gded Sd2d S2T2TTToedqoad £dT1d g41d4] <<

_| = 0w Ldoe 1L wiea | Fiomoang pasng _ & _%u g_ oo @ Y _NE 0

digH  mopuifh  dojgssg Brigag apd )3

=0.5 for some decreased noise amplitude

Figure 47. Optimal probabilities by o

Collection of Scientific Papers of Applied Math and Computer Technologies Faculty

ty /2009, N. 1 (2)

/versi

of Khmelnytskyy National Un

39



Applied Math

7 [uwis

<<
6508070 = ado A

2920°0 260£°0 LTFT O 2995070 I6LE"D SSST°0
= satatTtegoad gdzd
iuoT12arTas sathadeaas aand A3ad =yl yo satatTtoedgoad Tewmrado aygp
aooo*T 0S50 00660 aoToto osooto a
= Sd2d
ipagnaras 2dq 01 sS=athaqdeiaas =2and A3ad Syl

L5000 LEERTO 92Tz 0 TEED"O G629 ZZ°0 aTzZoto
= satatrrcedoad 5474
uorjoaT=as satheieais =2and Iognaoasasd =] Jo sITI3TT7Tgqedqoad Tewmtido =1L
oo0es o 05T5°0 Q0TS o 0ssE"0 0oLE "0 O0TE 0
= 5dTd
tpEa0aT2s =29 o3 satbeavans =2and aoanossazad Syl

{{{Toz)upuBa,5500°0 ‘5ol gasdd = [1do & saTaTTioeqord gdzd §ded SaTaTTroedqoad SdTd §dTd] <<
¥Egg 0 = ado A

argz 0 2L07°0 G5ET 0 LOZT 0 TLFE"D
= £3T1aTTTpecoad gd4zd
tuoTiaaTas S31hs1eIas =aand A3ad syl To SsTATTICedoad Tewtado sl
ooootT 0586°0 a0&st0 asTot0 a
= Bdzd
ipaiosT=as =2 o1 s=3thIaeals =and Asad siyp

£2ZT°0 TZZF 0 SFET"O0 28¥0°0 Z992°0
= ssratrreegoad §4Td
uorjoaT=as satheieais =2and Iognaoasasd =] Jo sITI3TT7Tgqedqoad Tewmtido =1L
ooss-to 0505 0 ooos-to 0osk "0 059%°0
= 5dTd
tpa303T72s =29 o3 sathaieass =sand aoanoasaad =iyl

:{(Toziupuel,0s00°0 ‘5 0l zasdd = [ado a sararricedqoad §dzd Sded sotatTioedoad gd1d SdTd] <<

o[ = omn dndsg v 3 | Fiopsagueuny | & | B @ | o o @8 ¢ | & O

dasHq wmopuipy  dopgsag Brngeg  yp3 A

=ar=

Figure 48. Further increasing the noise amplitude, and the spectrums of the optimal strategies
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2, and the spectrums of the optimal strategies of both the players keep widening

Another new three examples of the module opr2 application are shown on the figures 52 — 54.

Figure 51. Further increasing the noise amplitude at o
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Fle Edit Debug Deskiop ‘Window Help
0 = ‘ & B o o ‘ o | 7 ‘ Currer Directory: | E-WMATLABTa0m1 varork LlJ

»» [Payoff_1] = opri (P, 8, 1, 0, 0, 0) =

The relative deviation of the averaged payoff of the first player is -0.00663593
Payoff 1 =

0.85174680994188 0.85174680994188 0.93078941230465 0.89737257460298 0.85174680594188 0.93078941230465 0.93078941230465 0.81528074254801
»» [Payoff 1] = oprz(P, 8, 1, 0, 0, 0]

The relative deviation of the averaged payoff of the first player is -0.057221
Payoff 1 =

0.53006144557265 0.809481585591025 0.80945189551025 0.53006144557265 0.53006144557265 0.95400352364717 0.50948155591025 0.84940679549596
»» [Payoff_1] = opr2 (P, 8, 1, 0, 0, 0)

The relative deviation of the averaged payoff of the first player is 0.018356
Payoff_1 =

0.595802912359686 0.92160977503250 0.875548585393045 0.95679776593654 0,.57531707052803 0.92104553547434 0.94358223277456 0.94956223277458
»» [Payoff 1] = ope2(P, 8, 1, O, O, 0)

The relative deviation of the averaged payoff of the first player is 0.035821
Payoff 1 =

0.943995587944094 0.50248443428280 0.93767817089409 0.97571958551870 0.9344039554982 6 0.97571998551870 0.97571998951870 0.87965947930181
>» [Payoff 11 = oprz(P, 8, 1, 0, 0, 0]
The relative deviation of the averaged payoff of the first player is 0.0037455
Payoff 1 =
0.93538721274712 0.594115280968018 0.B88744554551414 0.95664800456574 0.79294218522587 0.85415001531040 0.859780848421393 0.906597935042046
>» [Payoff 11 = oprz(P, 8, 1, 0, 0, 0]
The relative deviation of the averaged payoff of the first player is 0.098741
Payoff 1 =
0.859347646571055 1.00000000000000 1.00000000000000 1.00000000000000 0.99416069567659 1.00000000000000 1.00000000000000 1.00000000000000
>» [Payoff 11 = oprz(P, 8, 1, 0, 0, 0]
The relative deviation of the averaged payoff of the first player is -0.019166
Payoff 1 = o
0.90955276694727 0.89329387401470 0.B88420975470195 0.78141054312176 1.00000000000000 0.90018171485524 0.78141054312176 0.88420975470195 LI
4 start|

EY

Figure 52. The module opr2 application with the eight shots by increasing the noise level
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Fle Edt Debug Desktop Window Help
O = ‘ & B« o ‘ o | 7 ‘ Currert Directory: | EMATLABTp0p twork LlJ

»» [Payoff 1] = opr2(P, 10, 1, 0, O, 0O}

The relative deviation of the averaged payoff of the first player is -0.011358
Payoff 1 =
Coluwmms 1 chrough §
0.55965377959556 0.96283909055701 0.92227412 664570 0.59456101688216 0.92227412664570 0.96283909055701 0.51665121711350 0.81665121711350
Coluwmms 9 through 10
0.51665121711350 0.81665121711350
»» [Payoff_1] = opr2 (P, 10, 1, O, O, 0O)

The relative deviation of the averaged payoff of the first player is 0.0092565
Payoff 1 =
Colwmns 1 through S
0.96890054053 6700 0.83881669975778 0.89207456865164 0.89207456865164 0.82158509216833 0.96026707133472 0.569484893004582 0.8985273458604272
Colwmns 9 through 10
0.54426486163282 0.99373649199759
»» [Payoff 1] = opr2(P, 10, 1, O, O, O)

The relative deviation of the averaged payoff of the first player is 0.01031%9
Payoff 1 =
Columms 1 through
0.97489619346587 0.91971568071012 0.91971568071012 0.80985178927659 1.00000000000000 0.87258582805473 0.97714010949337 0.85413302636347
Coluns 9 through 10
0.91971568071012 0.87258582805473
»» [Payoff 1] = ope2 (P, 10, 1, O, O, O)

@

The relative deviation of the averaged payoff of the first player is -0.063068
Payoff 1 =
Colwmms 1 chrough
0.87182993215051 0.78916125405045 0.81688515383199 0.73916125405045 1.00000000000000 0.59903698464462 0.75248654943318 0.85034460968766
Coluns 9 through 10
0.85034460968766 0.78916125405045
P

@
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Figure 53. The module opr2 application with the 10 shots by increasing the noise level
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»» [Payoff 1] = opr2(P, 10, 1, 0, O, 1]

Mow the first player has selected the pure strategy x17
Mow the second player has selected the pure strategy v44
Mow the first player real payoff is 0.79253

Mow the first player has selected the pure strategy x11
Mow the second player has selected the pure strategy w49
Mow the first player real payoff is 0.75354

Mow the first player has selected the pure strategy x11
Mow the second player has selected the pure strategy v49
Mow the first player real payoff is 0.79354

Mow the first player has selected the pure strategy x11
Mow the second player has selected the pure strategy w49
Mow the first player real payoff is 0.75354

Mow the first player has selected the pure strategy x11
Mow the second player has selected the pure strategy vo
Mow the first player real payoff iz 1

Mow the first player has selected the pure strategy x23
Mow the second player has selected the pure strategy w49
Mow the first player real payoff is 0.85375

Mow the first player has selected the pure strategy x11
Mow the second player has selected the pure strategy v44
Mow the first player real payoff is 0.75982

Now the first player has selected the pure strategy x11
Mow the second player has selected the pure strategy w7
Now the first player real payoff is 1

Mow the first player has selected the pure strategy x11
Mow the second plaver has selected the pure stratedgy v7
Mow the first player real payoff is 1

Mow the first player has selected the pure strategy x10
Mow the second player has selected the pure strategy 7406
it last, the first player real payoff is 0.93638

Payoff_1 =
Columns 1 through &

Columns 9 through 10
1.00000000000000 0.93637793175002

The relative deviation of the averaged payoff of the first player is -0.03361

0.792Z52786155578 0.793538009572588 0.79353800957288 0.79353800957288 1.00000000000000 0.853750592813526 0.7595245858499809 1.00000000000000

4 stort| 4
Figure 54. The module opr2 application with the 10 shots by some high noise level and the scheme of selecting the pure strategies
The executive form within
=10 x
MATLAB 7.0.1, gathered all the WA=&= =l
parameters and options of the 1 JH
explored antagonistic game
persecution model, is viewed on the 23
figure 55. This application, named
eppsr2, works only with the g
mouseclicks by pulling the two
scrolls to define the parameter o and 0
the roughness n(x, y) amplitude
(root-mean-square deviation). The 08
returned pure strategies in the optimal
strategies of the persecutor and the 05
prey are visualized on the surface (2)
[0; 1]%[0; 1] -square plot, helping to 04
conceive them more physically
(figures 56 — 65). Here, on the being 03
presented form, a user does not define
the roughness n(x, y) precisely by bz
its sampled points, but holds or »
controls the level of that noise. This
feature may occur useful, when a user . . . . . . . . . |
just trains to possess the described K K] 032 03 04 05 08 07 08 09 i
simplest antagonistic game E
persecution model, for its further
application from the MATLAB 7.0.1 aq | »] e

Command Window line, inputting the
real roughness n(x,y) sampled

points into the program module
ppsSr2 and running it.

Figure 55. The executive form eppsr2 general view
as it just has been loaded by the typing eppsr2 and entering it
from the MATLAB 7.0.1 Command Window line
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Figure 56. The single optimal pure strategy of the persecutor and the two prey pure strategies to be selected by the low o and the almost
lowest noise level

Figure 57. The equilibrium situation by some noise level increment
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Figure 59. Disappearance of the one pure strategy to be selected for each player by some o increment
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Figure 61. Further increasing o drives to the pure strategies to be selected reduction
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Figure 62. By the maximal oL there may be some stratification of the pure strategies to be selected
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Figure 63. At the maximal noise level and not great o there appear more of the pure strategies to be selected
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Figure 64. At the maximal noise level and the lowest ot the number of the pure strategies to be selected becomes maximal for each player
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Figure 65. Another example with the maximal noise level and the lowest o
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Conclusion

This paper generalizes the persecution model in the form of the antagonistic game with the kernel (2), that is
where the kernel is the non-ideal exponential surface. For the generalization there has been updated the program module

ppsr2, taking on the input o and the roughness n(x, y) . The module ppsr2 returns the exact analytic solution, if

the game is either concave or convex (maybe, even concave-convex), and it returns the approximate solution for other
cases, presenting the optimal strategies of the players (persecutor and prey). To practice those optimal probabilities the
players should be involved into the program module opr2 procedure, accepting the optimal mixed strategy (or its
spectrum) and returning the pure strategy number to be selected in the current game (current replay). The executive
form eppsr2 helps to understand deeper the whole realization process of the antagonistic game persecution model,
returning in the end the optimal strategies of the persecutor and the prey, and plotting them on the surface (2) graph.
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